A generalization of Mori's projection operator is used to obtain an exact equation for the force which is exerted on a particular particle in an arbitrarily disordered harmonic lattice. The equation consists of two terms, one of which is a "random force" and the other is the convolution between the correlation function of random force and the momentum of the particular particle. The random force may be identified with the force which would be exerted on a particular particle if its mass M is changed to a different mass m*. Thus the equation represents a generalization of that of Deutch and Silbey, obtained for the case m*=oo. Secondly it is shown that the same equation can be derived purely mechanically, without having recourse to any statistical tool such as Mori's operator, and that the correlation functions of the random force and the momentum of the particle under consideration are completely determined by the mechanical property of the· reference system, in which the mass of the particle is changed. For the case in which the reference system is periodic, our results reduce to what have been obtained by Rubin. Thirdly it is shown that the choice m*=oo is optimum in the sense that in this case the correlation function of the random force takes its extremal value. Generalization to the many-particle and quantum-mechanical cases and possibility of different choice of the operator are discussed. § 0. Introduction Recently Deutch and Silbey 1 > showed that, when suitably defined, the random force which is exerted on a particular particle with mass Min a regular harmonic lattice considered as a heat bath is just equal to the force which would be exerted on it when it is fixed, i.e., to the force in the "reference" system. In the present paper it is shown at first ( § 1) that their argument can be generalized to the case in which the host lattice may be an arbitrarily disordered harmonic lattice and moreover the mass m* of the particular particle in the reference system may be arbitrary. This is made possible by introducing a generalization of Mori's projection operator. 0 > If the random force is then defined in the same way as in the paper of Deutch and Silbey by using this "pseudo-projection operator" P, the exact equation of motion of the particle becomes dP0 (t) dt
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M m* Jo and it can be shown that the random force Fo' (t) coincides with the force in the reference system. In the limit m*~oo, this equation reduces to what was obtained by Deutch and Silbey (Eq. (19) ).
Secondly ( § 2) it is shown that the same equation can be derived by a purely mechanical calculation, without having recourse to any statistical tool such as Mori's projection operator. This means that the thermal average appearing in the above equation is merely ostensible, and the equivalence between random forces in the originfl.l and reference systems is a purely mechanical property.
In connection with the above-mentioned fact, it is next shown ( § 3) that the correlation functions such as «P 0 (0)P 0 (t)))/((P 0 2 (0))) and ((F 0 r(O)F 0 r(O))) can be calculated by using only the informations pertaining to the reference system, or more specifically, they can be expressed in terms of, for instance, the Green functions of the reference system. In particular, if the reference system is a regular lattice, one can compute these correlation functions explicitly in terms of the well-known Green functions of the regular lattice. It is shown that in this· case the result coincides with that of Rubin. 8 > In § 4 it is shown that the choice m* = oo is optimum in the sense that in this case the correlation function of the random force takes an extremal value; in other words the use of the proper Mori's operator is optimum in this sense.
In § 5 it is shown that an entirely similar argument can be given also to the case in which there are more than one particle to be examined. In this connection it is pointed out that the generalized Langevin equation derived by Munakata4> for a finite mass-disordered chain immersed in a regular chain can be derived quite simply by using a generalized pseudo-projection operator .. · In § 6 it is shown that a generalized Deutch-Silbey operator may be used, instead of the pseudo-projection operator, to obtain the same results as in the preceding sections. Let us consider an isotopically disordered harmonic lattice which consists of N bath particles with masses mh m2, • • ·, mN and one particular particle of mass M (the zeroth particle), the motion of which will be examined in the following. The total Hamiltonian H may be divided into two parts:
Here P0 is the momentum of the zeroth particle, u; is the displacement of· the i-th particle from its equilibrium position, A,, is the real symmetric matrix and m * is the mass of the zeroth particle in the "reference" system with Hamiltonian H 0, which can be chosen arbitrarily.
The Liouville operator of the system is iL=iLo+iLt, 
OUi

J=O
The force exerted on the zeroth particle is
If we make use of the identity
with iA = (1-fP) iL and iB = fPiL, fP being a pseudo-projection operator specified below, we obtain dPo(t) dt
where F/ (t) is the "random" force· defined by
,(1·10)
Let us choose the pseudo-projection operator fP as
where the symbol (( )) denotes the canonical ensemble average over the total Hamiltonian H:
This operator represents a generalization of Mori's operator~2> With these specifications we have
This equation of motion for P0 (t) is exact and valid for any harmohic system.
If we let the fictitious mass m* infinity in Eq. (1·14), we obtain exactly the same equation as that of Deutch and Silbey (Eq. (19)). Thus Eq. (1·14) represents a generalization of their equation for arbitrary distribution of the mass of particles and for arbitrary value of m*. Next we will show that the random force F 0r (t) introduced above is just equal to the force on the zeroth particle in the reference system characterized by Hamiltonian H 0, or
If we use the operator identity (1· 8) with the choice iA = iL0 and i (A+ B) =
(1 -P) iL, we get where
1=0 (1·17)
Note that the time evolution of the displacement u1 (t) is completely determined by the property of the reference system only. If initial conditions {ut (0), Pi (0)} of all the particles are known, we have the formal solution for u1 (t) as
The explicit forms of Drj(t) and DrJ(t) will be given in § 3 and Appendix I.
On the other hand, a simple calculation leads us to 
Thus, except for a proportional constant 1/{3=kBT, ((F0 (0)F0r(t))) is determined by the dynamics of the reference system. Substituting Eq. (2 ·1 which corresponds to the well-known resolvent identity In the previous section we have seen that the c:;orrelation function ((F0(0) Fo' (t))) can be calculated by using informations about the reference system only .. It will be of some interest to see that we have an analogous situation also for the momentum auto-con·elation function ((P 0 (0) P 0 (t))) / ((P 0 2 )).
To see this, take the Laplace transform of Eq. (2 · 2). Denoting Laplace transforms of P0 (t), F0°(t) and so on by 
It is shown in Appendix I that [s] is no other than the Green function of the reference system. Therefore we can calculate the momentum auto-correlation function of the zeroth particle by using only the dynamics of the reference system.
If the reference system is a regular one, we can compute these correlation functions explicitly in terms of the known Green functions of the regular lattice. In the case of the n-dimensional model of Rubin, 3 l we have and < Rle )-1 eik·R
where now each ri takes integral values in the interval (-N, + N). 
Therefore the momentum auto-correlation function of the zeroth particle with mass M=m(1+Q) is given by
----=------,-----=---=-c ---=-
where Br denotes a Bromwich integral along a line parallel to the imaginary axis. 
In the limit N-H>O, ([0, s] becomes
C[O,s]=--,. ... d()1 .. ·d(},. s 2 +2I; r 1 (1-cos(} 1 ) . 1 f" f" [ " J-1 (2rr) _, _, J=1 m (3 ·16
((Po(O)P0 [s]))/(<P0 (0)P0 (0))) (3·23) which follows from our generalized Langevin equation, we again reach (3 ·14). § 4. Optimum property of Mori's operator
In this section we shall show that the choice m* = oo or to use the proper Mori's operator is optimum in the sense that the correlation function of the random force takes an extremal value.
Consider again n-dimensional Rubin's model with mass m* at the origin. In Appendix III it is shown that in the case of a single substitutional impurity
Substitution of (4·1) with (3·7) into (2·1) gives
By using (Ali· 6), we obtain For Q* = oo, the right-hand side of this equation becomes zero provided s~O. Thus the correlation function ( (F 0 (0)F 0 r[s]) ) takes an extremal valueatQ*=oo, unless s= 0.--Since in the limit Q*--'>oo, our generalized Langevin equation reduces to that derived by using the proper Mori's operator, it can be concluded that the use of this operator corresponds to at feast one of the optimal choices of the random force.
For Q* = oo we have
This gives the correlation function of the random force in the sense of Mori for n-dimensional Rubin's model, in terms of the Green function of the corresponding regular ~?ystem.
In one dimension, (3 ·17) gives
This just coincides with the result obtained by Sakurai 6 > and Munakata and Tsurui. 8 > § 5. Many-particle cases A pseudo-projection operator may easily be constructed if we examine the motion of several particular particles· in a harmonic lattice consisting of N bath particles ("many-particle model" of Deutch and Silbey). For example, consider the case of two particular particles with mass M 0 and M 1 at the 0-th and l-th sites. We then have only to choose (5 ·1) where and the symbol« )) denotes, as before, the canonical ensemble average with the total becomes similar to that of Deut.ch and Silbey but our result has a simpler form. Extension to more general cases is straightforward. Munakata 4 l considered a one-dimensional system which consists of a finite mass:disordered chain and two regular semi-infinite chains which are attached to the two ends of the disordered one ( Fig. 1 ) in order to examine the property of the regular chains as heat reservoirs. In connection with the discussion of Munakata, it may be of interest to remark that the generalized Langevin equation derived by him for the disordered part can be -derived very easily by using the operator then it can be proved that
Hence upon using In this section we finally show that also in the quantum statistical mechanics we obtain entirely the same generalized Langevin equation as obtained in § 1.
The argument leading to (1· 9) remains completely the same also in quantum mechanics. The difference is that we must define the pseudo-projection operator
To calculate PiLF/ (r), we use the identity for the scalar product ( ) :
This gives, together with (1· 9),
which has just the same form as (1 '14) . ·· · · It can be shown, moreover, that also for the correlation functions (F0 (O)F 0r (r))' and (Po (0) Po (t)) themselves, complete-ly the same expressiops as in the classicalmechanical case are obtained, in so far as we define the scalar product as was done above.
If we define the pseudo-projection operator in another ~ay, howev~r, we oh~ tain the Langevin equation in a different form. For instance we may use the operator Then we have· because of the quantum effect. Since the relation (7 · 2), however, still holds, one obtains the equation
follow at once. -(2N+1)" q s+w(q)' · (AII·5)
Appendix II
Therefore we have, in Rubin's notation, 
«vo(O)vR[s])) =D~o[s] =D~o[s] = (1+Q)st;[R, s]'
(AIII·9) ((v0 (0) v0 (0))) 1 + Qs 2 t; [O, s] where the relation (AI· 7) is used.
